Abstruct-One of the common ways of localization in robotics is the triangulation using a system composed of a sensor and some landmarks (which can be artificial or natural). This paper presents a framework, namely the Localization Space, in order to deal with problems such as the landmark placement and motion planning including the localization constraint. Based on this framework, we present general approaches to the optimal distribution of the landmarks or to the computation of reliable trajectories. The case of a mobile robot equipped with an orientable sensor (such as a pan vision system) is the recurrent example of the paper, meant to illustrate the formal concepts and to also show the practical relevance of the proposed tools.
I. INTRODUCTION
When moving a robot, the classical way t o deal with the modeling errors and the execution errors is to equip the robot with some localization ability so it can compute its error with respect to the nominal path and correct it through a closed loop. A common way of localization in robotics is the triangulation using a system composed of a sensor and some landmarks or beacons (which can be artificial or natural). Depending on the sensor type and accuracy and the robot dimension, different number of landmarks may be needed to have a reliable localization. In general, the subspace of the configuration space in which the localization is possible depends on the placement of the landmarks. To our knowledge, very few work deals with the problem of landmarks placement. In other respects, guaranteeing the maximum localization ability along a trajectory in order to have a safe execution is an important additional constraint for the motion planner (a.k.a. the sensor-oriented motion planning). In this paper we present a framework which leads to some general approaches to the two pre-cited problems : namely, the optimal distribution of the beacons and the c o m p u b tion of the reliable trajectories.
Concerning the sensor-oriented planning and the safe execution of the paths, some works such as [7] and [8] suggest methods to determine which of the visible landmarks should be used to improve the localization results. In [l] , the authors consider a mobile robot following a path and they compute the velocity profile and the sensor motion in order to optimize the path following while guaranteeing the visibility of the landmarks. Finally some more general works such as [6] or [4] consider the problem of uncertainty propagation along a path and suggest different ways of keeping this uncertainty bounded by leading the path through some areas where relocalization is possible. In our work, we aim at the practical computation of these areas for a Sensor/Landmarks system. We are also interested in applications where the safe zone is big enough so that most of the problems can be solved without leaving the safe zone. We aim at giving a general scheme for safe motion planning in such cases.
Concerning the optimal placement of the landmarks there has been so far very few works in the literature. [9] presents a placement method maximizing the lccalization accuracy. However, this work concerns only the sensors where one beacon is enough for localization. The estimation of the accuracy in [9] is also very specific to the type of considered beacon. Our goal is more to optimize the size of the safe area, than the localization accuracy. Also, we consider landmark optimal placement for localization systems requiring any number 1 of landmarks. This problem is closer to the illumination problem presented in [3] . However, [3] considers only quadrilateral obstacles and can be applied only to sensors with an unlimited range and angular opening. In this paper, we consider a general sensor with a limited range and angular opening.
Our work is based on the notion of Localization Space which will be defined and build in section 11. We will show in section I11 how to compute a discretized version of this continuous set which would be conservative for localization. Then, in section IV; we present a practical procedure of optimal landmark placement using the localization space. Finally, section V deals with the relevance of the localization space for path planning and includes some simulation results of a planner for mobile robots computing reliable paths.
LOCALIZATION SPACE : DEFINITION AND

CONSTRUCTION
We consider the case of a generic robot with n degrees of freedom, moving in a polygonal environment with some obstacles. We assume that the robot is equipped with a sensor characterized by a range p and an angular opening a. To the physical sensor, we associate a virtual (punctual) sensor (z, y , e), where (2, y ) is the absolute position of the sensor reference point and 9 its absolute (main) orientation. The physical aspects of the sensor (such as the relative motion to the robot, collision avoidance, etc) will be treated by considering the physical sensor solid, as a part of the articulated robot.
In other respects, we assume that the environment includes some landmarks such that if a sufficient number of them is within the sensor field of perception, the localization module is able to compute the pose 
A . Symbols and notation
Let us note :
W , the robot's polygonal workspace (free space). (z, y), the sensor position in W and 8 its orientation. In the following, we first define the Sensor Localieation Space C as the subset of P where the sensor pose can be computed. For instance, with a Sick laser range-finder, we need to identify at least two landmarks in order to compute the robot pose, thus C will be the subset of P where at least two landmarks are visible by the sensor.
Then we define the Localization Space L as the set of configurations q in CSfree for which the resulting sensor pose is in C. Note that, due to the collision of the physical robot with the obstacles, it may exists sensor pose in L which do not correspond to any configuration in E. Let 
In order to simplify the notation, we will use So for Spa. Then, for a given position R(z, y ) and given orientation 9 of the sensor, the set E C W of the points in the sensitive field of the sensor is : 
C. Visibility area Ze(B)
For
D. Visibility polygon P ( B )
The visibility area does not take into account the environment and its obstacles. To deal with this problem, we use the visibility polygon notion : the visibility polygon P ( B ) of a landmark B is the set of 
E. Visibility Ve ( B )
Using the visibility area (for the constraints imposed by the sensor) and the visibility polygon (for the constraints imposed by the environment) we build the visibility Ife(B) of a landmark B, for a sensor orientation 8. Vo(B) is the set of positions where the landmark B can be perceived despite the presence of obstacles : 
F. Localization layer Le
Let us assume that n landmarks { & } i =~. .~ are distributed in W and that we need to identify at least 1 landmarks to be able to localize the sensor. Then, given a sensor orientation 13, we define the localization layer Le as the subset of W where 1 landmark(s) are in the sensitive field of the sensor. Formally :
We will use the notation CO to define the corresponding subset of P : CO = LO x {e} G. Sensor 
THE PRACTICAL COMPUTATION OF
The computation of L requires some approximations that will be presented and justified in this section. 
A . Approximations
C. Example
Fig4 shows an example of a representation of a given localization space. We used : 1 = 2, estep = 5' : a = 60' and a range approximatively equal t o 75% of the workspace width.
In the workspace W , the small circles represent the landmarks.
In the localization space I?, the vertical axis represents 0 (discretization is done orthogonally to this direction). T_he coloring is made according to the connectivity of L (see section IV-A). In general, the practical computation of L based on the approximated C requires some more works which may be more or less complex, according to the robot geometry and dimension. Let us here consider the case of a circular robot (xr,yr,Br) equipped with a mobile sensor with an opening CY able to rotate with respect to the robot by a relative angle IpI < Plim. The robot/sensor system ( x r , yr, e,., p) is of dimension 4. If ( a , y ) = ( z r , yr) then 1: for this system is the one of Fig.4 Notice that L5 and L may not have the same connectivity (we will see its influence on motion planning in section V).
IV. OPTIMIZATION OF THE LOCALIZATION SPACE
Let us recall that we consider the case of a localization module using landmarks. The performances of this localization obviously depends on the "good" placement of the landmarks in the environment. As far as we know, the problem of finding an optimal placement for a minimal number of landmarks is an open problem in the general case. We believe that L is an interesting tool to evaluate a given landmark placement.
A better space would be lL but the construction of lL may be complex. We believe that L gives us a first estimation, easier to compute.
In this section, we discuss about different optimization criteria (expressed with respect to C) for the computation of an optimal placement of the landmarks. However, we first introduce some relevant measures of C that will be later used in our cost function.
A . Measures
Volume : The proportion of P which is occupied by the localization space is obviously a good indication on the quality of the landmark distribution. We use the following classical formula to compute L volume : 
B. Optimization of the landmark placement using C
The following list of criteria using C gives some quantities which can be used in a cost function for the landmark placement optimization :
The connectivity. The volume.
The secure area, i.e. the subset of W where localization is possible for any orientation.
The projected area, i.e. the subset of W where localization is possible for at least one orientation.
The localization accuracy : it may be important to place the landmarks such that an upper bound of the localization error could be guaranteed for a real sensor. Moreover, it will be necessary to decide whether the landmarks are accepted inside W or only on its border. In the first case, we may have to consider them as obstacles during the navigation. Nevertheless, as the landmarks will be visible from any direction, each landmark will allow more localization possibilities.
C. Example
These criteria can be used to define a cost function which will be used by some optimization procedure (genetic algorithm,...). An,example of such a cost function is given by the following expression' : 
V. PLANNING IN THE LOCALIZATION SPACE
Now that we know how to optimize the landmark placement, let us see how to use the resulting localization space for motion planning. Indeed, planning in the E c CSfree is more interesting than planning in CSp,,. Along a path contained in L5 the robot can measure the execution errors by relocalizing and therefore correct them. Such a path is thus more reliable. Moreover, at each point, we know the exact subset of visible landmarks and their positions relative to the robot. This will ease the data association process. 
A. Definitions
For any qstart E C1 and qgoal E C2 there is a reliable For a robot with n degrees of freedom, a configuration q is defined by n parameters q = ( 2 1 , . . . , 2,) which we divide in two (possibly empty) classes :
Extern parameters : parameters for which exterioceptive sensors are required in order to estimate their values with a bounded uncertainty. For instance, the pol sition parameters of a mobile robot.
Intern parameters : parameters whose estimation with proprioceptive sensors is accurate enough for our application. For instance, the orientations of a pan & tilt camera. Note that when intern parameters exists, their variation does not depend on the others (otherwise, they would need exterioceptive localization). Consequently, it is possible to move them while maintaining the extern parameters fixed.
Reliable trajectory : a trajectory is reliable if the robot can estimate all its parameters at each point of it. Typically, if the trajectory is totally contained in E, it is reliable. This is a sufficient condition but not a necessary one. Actually, as intern parameters can be estimated without exterioceptive sensing, a trajectory is reliable if it is admissible (C CSf,,, and kinematically feasible) and if the extern parameters are fixed for the portions of the path outside E,.
B. Algorithm
Before all, we have to define two projections :
. . . . , z p ) , on the intern parameters. Let us consider the planning of a reliable trajectory between qstart and qgoal.
If qstart and qgoal are in the same connected part of &, and if the kinematic constraints of the robot allow it (which is for instance always the case for holonomic and small-time controllable nonholonomic robots), there exists a reliable trajectory between qstart and qgoal, we "just" have to find it.
Otherwise, if the robot does not have intern parameters, no reliable trajectory can be found.
If the robot has intern parameters, we will see how to attempt reliable trajectory planning between the disconnected parts of E. 
C. Simulation results
This section is meant to illustrate how the tools presented in this paper (such as the localization space or the corresponding planning algorithm) can be practically used in sensor-oriented planning. We consider once again our circular mobile robot equipped with a stereo-vision system. For sake of simplicity in the .space representations, we assume that the robot is holonomic and that the sensor is fixed with respect to the robot. Let us assume also that (U = 90°, p is half the environment width and that the robot needs two landmarks to compute its localization. We consider the environment (including 4 landmarks) represented on Fig.6 for which we compute the approximated localization space as explained in section 111. First, we find a shortest path in the graph G(Z) (see section IV), between the two nodes containing the extremal configurations (this may not lead to the shortest ground path...).
From the resulting path, we extract a complete trajectory (see Fig.7, left) . In each node the robot follows a linear trajectory (black lines) and on some edges it may reorient its cameras. The resulting path is a reliable path along which the robot is always able to localize itself. Planning in an optimized workspace
Notice that the goal here is not to obtain optimal paths but just to show how the perception constraints can be taken into account during planning and how they may affect the result. Typically the examples of Fig.7 , show how the robot has to first move in the opposite direction of the goal or graze the wall in the corridor (corresponding to the narrow neck of Fig.6 (right)) while reorienting itself in order to guarantee that at each point at least 2 landmarks are visible.
VI. CONCLUSION
This paper deals with the problems associated with sensor-oriented planning for systems using landmarks for localization. We presented a framework, based on the notion of Localization Space that we mainly used for two applications : i) optimization of landmark placement for localization in the sense of space coverage (to our knowledge, the first work in the litterature) and ii) planning a reliable path along which, localization remains always possible. We also presented practical computations of near optimal landmarks placement and reliable trajectories for classical mobile robots with an on-board sensor, showing the practical relevance of our formalization.
As for future works, we would like to consider the computation of the best path when there is no reliable solution to the problem (and to integrate the existing work in the literature on the propagation of the uncertainty). In other words, where to cross safely : where and how to move outside lL to guarantee a bound on the uncertainty. Some secondary interesting topic may be : building the localization space for a robot with a general shape, improving the path planner to get "nice" reliable paths and working more specifically on the nonholonomic case.
